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SUMMARY 
A three-dimensional, quasi-steady, full potential flow solver was adapted 
to include realistic wake influence for the aerodynamic analysis of helicopter 
rotors. The method is based on a finite difference solution of the full 
potential equation, using an inner and outer domain procedure to accommodate 
wake effects. The nonlinear flow is computed in the inner domain region, 
relative to the blade, using a finite difference solution method. The wake is 
modeled by a vortex lattice using prescribed geometry techniques to allow for 
the inclusion of realistic rotor wakes. The key feature of the analysis is 
that vortices contained within the finite difference mesh (inner domain) are 
treated with a vortex embedding technique while the influence of the remaining 
portion of the wake (in the outer domain) is impressed as a boundary condition 
on the outer surface of the finite difference mesh. The solution procedure 
couples the wake influence with the inner domain solution in a consistent and 
efficient solution process. The method, termed ROT22/WAKE, has been applied 
to both hover and forward flight conditions. Correlation with subsonic and 
transonic hover airload data is shown which demonstrates the merits of the 
approach. 
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LIST OF SYMBOLS 
a 
A 
B 
C 
C '  .. .. . 
C1 
cP 
CT 
i, j ,  k 
L( 1 
M 
n 
N( ) 
P 
r 
R 
S 
U 
Local speed of sound. 
A grid stretching parameter. 
Denotes the finite difference (inner) domain boundary. Also 
a grid stretching parameter. 
Blade section chord length. 
The grid stretching parameter used to make the physical mesh 
finite in extent. 
Section lift coefficient, reference to the local blade chord 
and a dynamic pressure based on the local freestream velocity 
?n 
Pressure coefficient, referenced t o  a dynamic pressure based 
on the local freestream velocity, %,. 
Rotor thrust coefficient. 
Cartesian unit vectors, blade-fixed frame, corresponding to 
x, y, and z. 
Linear differential operator; e.g., ?* ( 1 
Mach number. 
Unit normal at blade surface; positive pointing into the 
fluid. 
Nonlinear differential operator; e . g . ,  the full potential 
equation operator. 
CPU cost parameter. 
Position vector, relative to the origin of the blade-fixed 
coordinate system, x, y, z. 
Rotor tip radius. 
Path of integration on the outer boundary surface of the 
inner domain. 
Total velocity component, x-direction, blade-fixed system, in 
the inner domain. 
The b l a d e - r e l a t i v e  onse t  v e l o c i t y ,  due only  t o  the  t rans-  
l a t i o n a l  speed of t h e  a i r c r a f t .  
Tota l  v e l o c i t y  component, y -d i r ec t ion ,  blade-fixed system, i n  
t h e  i n n e r  domain. 
V 
The b l a d e - r e l a t i v e  f r ees t r eam v e l o c i t y ,  composed o f  t h e  onse t  
v e l o c i t y  t’, and t h e  r o t a t i o n a l  components w x r .  + +  
b 
W 
T o t a l  v e l o c i t y  i n  t h e  i n n e r  domain, blade-f ixed sys t em.  
Tota l  v e l o c i t y  component, z -d i r ec t ion ,  blade-fixed system, i n  
t h e  i n n e r  domain. 
Blade-fixed coord ina te  i n  t h e  chordwise d i r e c t i o n ,  i n  t h e  
t i p-p ath-p 1 ane . X 
- 
X 
- 
Computational coord ina te ;  0 < X < 1, t y p i c a l l y  
Denotes t h e  e x t e n t  o f  t h e  uns t r e t ched  g r i d  i n  computational 
space.  
Blade-fixed coord ina te  i n  the  d i r e c t i o n  normal t o  the  t i p -  
p ath-p 1 ane . Y 
Blade-fixed coord ina te  i n  t h e  spanwise d i r e c t i o n ,  i n  t h e  t i p -  
path-pl ane. 
z 
Greek 
a A t t i t u d e  of t h e  r o t o r  t ip-path-plane r e l a t i v e  t o  t h e  f l i g h t  
d i r e c t i o n ;  de f ined  p o s i t i v e  f o r  t i l t - b a c k .  
Advance r a t i o ,  def ined  as t h e  f l i g h t  speed divided by t h e  
r o t a t i o n a l  t i p  speed. 
Tota l  blade p i t c h  a t  t h e  0.75R r a d i a l  s t a t i o n .  0 
is Gradient  ope ra to r ,  d e l .  
is. Divergence ope ra to r .  
Reduced v e l o c i t y  p o t e n t i a l .  Q 
J, Azimuth p o s i t i o n  of t he  b l ade .  
+ w Angular v e l o c i t y  v e c t o r  of  t h e  r o t o r  
X 
Supe rs c r i p  t s 
I Prime i n d i c a t e s  v e l o c i t i e s  i n  the o u t e r  domain. 
* I n d i c a t e s  i n e r t i a l  r e f e rence  frame. 
S u b s c r i p t s  
1 I n d i c a t e s  v e l o c i t i e s  a s soc ia t ed  with the embedded p o r t i o n  of 
t h e  wake only.  
2 I n d i c a t e s  v e l o c i t i e s  a s soc ia t ed  with a l l  of t he  wake except 
t he  embedded po r t ion ;  t h a t  is, t h e  wake e x t e r n a l  t o  the  inne r  
domain. 
T I P  T ip  Mach number based on r o t a t i o n a l  speed only.  
Spec ia l  o p e r a t o r  
[ [  I 1  Denotes the d i f f e r e n c e  i n  a q u a n t i t y  a c r o s s  a s u r f a c e  (lower 
minus upper) .  
xi 
INTRODUCTION 
The flow around a helicopter rotor blade is generally characterized by 
unsteady, non-uniform inflow with close blade/vortex passages combined with 
operating conditions which can include transonic flow. The complicated 
three-dimensional rotor wake has a dominant influence on the blade loading 
in both hover and forward flight (e.g., refs. 1-17). Transonic conditions 
are common on the advancing blades in forward flight, providing an extreme 
design challenge for the aerodynamicist and acoustician. Thus far, the 
analysis of the complete rotor problem has been largely intractable without 
relying on many compromising assumptions. 
Any complete analysis of the helicopter rotor and wake must account 
for three distinct yet coupled phenomena: 
1. The nonlinear compressible flow near the blade 
2. The highly complex, but essentially low speed wake flow 
3. Close blade/vortex interaction 
Analyses for each of these aspects of the problem already exist, though not 
in a rigorously coupled form. 
and wake has been accomplished with lifting-line and lifting surface 
methods using vortex o r  doublet singularities to represent the wake. 
geometry of the wake is either prescribed or computed. This approach gives 
rapid and reasonably accurate predictions of airloads (refs. 1-17) but only 
approximates the compressibility effects on the blade and cannot give the 
details of the surface flow. Close bladefvortex interactions in transonic 
flow have been studied with finite difference methods in two-dimensional 
unsteady flow (e.g., ref. 181, in threedimensional steady flow, fixed-wing, 
(ref. 191, and for the helicopter rotor (ref. 20-21). These typically have 
been limited to simple interactions, involving only one or t w o  infinite length 
vortices. They have not included complex, multiple interactions. Also, these 
analyses lack the global influence of the whole wake. 
Typically, modeling of the complete rotor 
The 
A three-dimensional unsteady transonic small disturbance solution has 
been developed by Caradonna, reference 22, which includes the global wake 
influence, That method is termed an integral-differentia1 hybrid scheme and 
couples a vortex-lattice type wake model with a finite difference flow solver. 
The wake influence is accounted for by adjusting the local blade geometric 
angle-of-attack by an induced angle obtained from the wake model. 
technique is very efficient and has shown agreement with experiment, but the 
rigorous validity of adjusting the blade incidence is questionable for close 
bladefvortex interactions. A recent effort to incorporate the complete wake 
influence using a full potential method was reported in reference 23. 
approach used the same angle-of-attack adjustment method as reference 22. 
Other recent efforts to solve the rotor and wake problem have used 
conservative full potential (refs. 24-25) and Euler methods (refs. 26-27). 
The 
This 
The present  r e p o r t  d e s c r i b e s  t h e  developnent o f  a quasi-steady f u l l  
p o t e n t i a l  aerodynamic a n a l y s i s  f o r  h e l i c o p t e r  r o t o r s  t h a t  computes t r a n s o n i c  
flow on t h e  b l ade ,  i nc ludes  t h e  complex d i s t o r t e d  wake i n f l u e n c e ,  and more 
r i g o r o u s l y  t r e a t s  c l o s e  b l ade /vo r t ex  i n t e r a c t i o n s .  The f u l l  p o t e n t i a l  method 
o f  Ar ie l i  and Tauber ( r e f .  28) was adapted and expanded t o  inc lude  r e a l i s t i c  
wake in f luence .  Viscous e f f e c t s  a r e  not included.  The a n a l y s i s  c o n s i s t s  of a 
f i n i t e  d i f f e r e n c e  f u l l  p o t e n t i a l  scheme f o r  t h e  n e a r  b l ade  flow and a 
prescr ibed v o r t e x  l a t t i c e  wake model. The f i n i t e  d i f f e r e n c e  region is  termed 
t h e  inne r  domain. The flow o u t s i d e  t h i s  r eg ion  i s  i n  t h e  o u t e r  domain and i s  
solved us ing  t h e  v o r t e x  l a t t i c e  method. Coupling between the  inner  and o u t e r  
domains i s  provided through t h e  boundary v a l u e s  on t h e  o u t e r  s u r f a c e  o f  t h e  
inner  domain and a l s o  by proper accounting of t h a t  p o r t i o n  of t he  vo r t ex  wake 
t h a t  pas ses  i n t o  t h e  i n n e r  domain. 
t he  r o t o r  blades i s  o u t s i d e  of t h e  inne r  domain, an e f f i c i e n t  s o l u t i o n  p rocess  
r e s u l t s .  A d e s c r i p t i o n  o f  t h e  method fol lows.  
Because most of complex wake geometry of 
2 
TECHNICAL APPROACH 
The current method of computing the rotor and wake flow was developed 
by combining two distinct solution techniques: the vortex lat ticel lif t ing-1 ine 
method and the finite difference method applied to the full potential 
equation. 
the vortex lattice/lifting-line methods for many years. 
to give reasonable predictions of performance, but are unable to capture the 
Finite difference solutions have been applied to the rotor problem and are 
capable of computing nonlinear compressible flows with shocks. 
Rotor and wake calculations have been performed extensively with 
These have been shown 
i 
I details of the flow, and rely on empirical data to simulate transonic effects. 
1 
I 
The quasi-steady full potential finite difference flow analysis ROT22, 
developed by Arieli and Tauber (ref. 281, was chosen as the basis of the 
current development. This program is the rotary wing extension of Jameson's 
FL022 analysis (ref. 29)  for fixed wing calculations of transonic flow. The 
method is based on the discretization of the full potential equation in quasi- 
linear form, using the Jameson rotated differencing scheme in supersonic 
regions. This formulation is called 'non-conservative', meaning that the 
difference equation does not take the form of a conservation law and hence, 
conservation of mass across shock waves is not enforced. 
A vortex lattice model was developed to model the rotor wake. This model 
l is constructed using straight, constant strength Biot-Savart vortex segments 
in the form of vortex boxes. The wake geometry is prescribed, typically as a 
skewed helical surfaces. In principle, any means of defining the wake 
I hover or forward flight generalization (refs. 6 ,  9, and 14)  or as classical 
I geometry can be accommodated, including free-wake methods. I 
Coupling of the vortex lattice wake with the full potential (inner 
domain) solution is accomplished by an inner and outer solution matching 
procedure which is discussed next. 
Discussion of the Procedure for Matching 
an Inner and Outer Solution 
Consider a three-dimensional flow past a finite lifting body. This body 
This surface is not necessarily planar and its position in space is 
I generates a wake represented by a trailing vortex sheet; i.e., a material 
surface. 
not known a priori, but can be defined approximately based on empirical or 
free-wake considerations. There is a mutual influence between the body and 
its wake. Figure 1 illustrates the inner and outer domain concept for a two 
dimensional section of three-dimensional space. 
3 
In continuous regions of the inviscid transonic flow, the nonlinear 
isentropic flow equation, N [$I = 0, is assumed to apply. Let ? represent a 
solution of this equation valid in a region near the body (i.e. 
domain). This inner domain contains the body and is bounded by the surface, 
B, which is placed at some prescribed distance from the body. If the flow 
beyond this boundary, i.e. in the outer domain, is subsonic then the velocity 
in this region can be approximated as the solution of a linear differential 
equation, L [ $ I ]  = 0 .  In some applications, the flow in the outer domain can 
be regarded as incompressible and hence L [ $ ' I  =: v*  (s f )  = 0 will apply in 
the outer flow domain. The inner and outer velocities must match at the 
prescribed boundary, B. 
an inner 
To successfully apply this concept, it is necessary to determine an 
analytic solution to L [ $ ' I  = 0 which has the proper behavior away from the 
body and can be matched to an inner numerical solution of the full potential 
equation at the boundary B. This solution should be expressible in terms of 
unknown constant coefficients and recognize the influence of the body and its 
wake. If such a solution can be found, then the matching conditions on B can 
be used to specify the unknown coefficients of the outer domain solution i n  
terms of the inner domain solution. 
A linear solution in the outer domain is difficult to determine for three 
dimensional compressible flow; in fact, f o r  rotary wings no simple model 
exists. As an approximation, a solution as determined from an incompressible 
lifting-linelvortex lattice wake model is used in the outer region. This 
solution will be somewhat inaccurate in the far field since the compressible 
solution differs from the incompressible solution (ref. 30). Such an 
approximation is desirable because it results in a low cost solution for the 
outer domain and relies on established methods. The effect of this modeling 
assumption is discussed later in the report. 
To complete the general discussion of the inner and outer domain 
solution, it is necessary to deal with that part of the wake which passes into 
the inner domain. This is termed the embedded part of the wake and is 
indicated schematically in figure 1. 
accounted for through the domain matching procedure, those vortex elements 
which are inside the finite difference domain are included by vortex 
embedding. The specific equations and solution method are now developed 
below. 
While most of the wake influence can be 
Inner/Outer Domain Formulation 
for the Rotary Wing Problem 
Governing Equation. - The theoretical development of the quasi-steady 
full potential solution of helicopter rotor flows can be found in Arieli and 
Tauber, reference 28. There the steady fixed wing formulation was extended to 
4 
t h e  r o t o r  problem by t h e  a p p r o p r i a t e  t r ans fo rma t ion  t o  t h e  r o t a t i n g  frame. 
The coord ina te  system i s  shown i n  f i g u r e  2, where t h e  b l ade  f ixed  axes are  
denoted by x,  y ,  and z such t h a t  x i s  t h e  chordwise d i r e c t i o n ,  y v e r t i c a l ,  and 
z spanwise; and t h e  i n e r t i a l  system i s  (x*, y*, z*). (Note: r e f .  28 p r e s e n t s  
a lef t -handed c o o r d i n a t e  system. As a 
r e s u l t  t h e  d i r e c t i o n  of r o t a t i o n  is non-standard, but  i t  i s  c o n s i s t e n t  with 
t h e  chosen o r i e n t a t i o n  o f  t h e  axes .> Following r e f e r e n c e  28 t h e  governing 
equa t ion  i s ,  i n  t h e  blade-f ixed r e fe rence  frame, 
A r ight-handed system i s  used he re .  
2 2 2 ( a2  - u ux + (a2  - v vy + (a2  - w wz + 
- uv (u + vx) - uw (u, + wx> - vw ( v z  + wy> + Y ( 1 )  
+ w 2  [ x  (u  - wz> + z (w + wx)] + w p c o s a [ o ( x s i q  + z c o s ~ l )  
- ~ U C O S J I  + 2wsin1j~I = o 
where w i s  t h e  angular  v e l o c i t y  of t h e  r o t o r ,  and u,  v,  and w are t h e  
C a r t e s i a n  components of 8 ,  t h e  t o t a l  v e l o c i t y  i n  t h e  blade-f ixed frame. 
l o c a l  sound speed, a ,  i s  
The 
where a, i s  t h e  speed of sound i n  t h e  undis turbed a i r ,  and t h e  b l ade  r e l a t i v e  
f r e e s t r e a m  v e l o c i t y  i s  
The onse t  v e l o c i t y ,  B,, i s  g i v e n  by 
+ 
( 4  + -? -? U, = p[cos a sin$ 1 + s i n  a J + cosa cos$ k] 
where p i s  t h e  r o t o r  advance r a t i o .  The ang le  of a t t a c k ,  a i s  t h e  inc idence  
made by t h e  r o t o r  t i p -pa th  p l ane  r e l a t i v e  t o  t h e  f l i g h t  d i r e c t i o n ,  such t h a t  
p o s i t i v e  a i s  t o r  aftward tilt  of t h e  r o t o r  d i s k  (nose up) .  
normalized by t h e  b l ade  r a d i u s ,  R,  and v e l o c i t y  i s  normalized by b l ade  
r o t a t i o n a l  t i p  speed, wR. The d e r i v a t i o n  of equa t ions  (1) and (2 )  i s  based on  
t h e  conse rva t ion  of mass and energy under t h e  assumptions o f  i s e n t r o p i c  flow 
and i r r o t a t i o n a l i t y .  
Lengths a r e  
5 
For the  i n n e r l o u t e r  domain formulat ion i t  i s  necessa ry  t o  r e c a s t  t h e s e  
expressions t o  allow t h e  presence of t h e  embedded v o r t i c e s  i n  the  s o l u t i o n  
domain. These embedded v o r t i c e s  are  modeled u s i n g  t h e  Biot-Savart  Law. It i s  
t o  be noted t h a t  not a l l  Biot-Savart v o r t i c e s  a r e  i r r o t a t i o n a l  ( e . g . ,  a f i n i t e  
l e n g t h  v o r t e x  segment, o r  a v o r t e x  wi th  a c o r e  model). 
however, t h e  method is  developed s p e c i f i c a l l y  f o r  i r r o t a t i o n a l  wake elements ,  
though a co re  i s  used t o  avoid numerical  d i f f i c u l t i e s  a s s o c i a t e d  with t h e  
s i n g u l a r  p o i n t s .  
In  t h e  p re sen t  work, 
Vortex Embedding. - I n  the  d i s c u s s i o n  of t he  v o r t e x  embedding technique,  
r e f e r e n c e  i s  made t o  f i g u r e  3 ( a ,  b ,  and c )  where t h e  i n n e r  and o u t e r  domains 
a r e  p i c tu red  as t y p i c a l  f o r  t he  c u r r e n t  a n a l y s i s  (one blade i s  shown f o r  
s i m p l i c i t y ) .  
given i n  f i g u r e s  3b and 3c.  Each f i g u r e  g ives  t o p  and s i d e  views of t he  
b l ade ,  wake, and i n n e r  domain. 
The decomposition i n t o  embedded and o u t e r  domain p o r t i o n s  i s  
A scheme was developed t o  include t q e  e f f e c t s  of those vo r t ex  wake 
elements  t h a t  a r e  i n s i d e  t h e  i n n e r  domain, a s  d e p i c t e d  i n  f i g u r e  3b. The 
procedure i s  based on that of Steinhoff f o r  including the e f f e c t s  of vort i ces  
i n  p o t e n t i a l  c a l c u l a t i o n s  i n  r e f e r e n c e  19. 
i n  r e fe rence  18 where i t  i s  c a l l e d  t h e  p re sc r ibed -d i s tu rbance  method. 
It h a s  a l s o  been used by McCroskey 
I n  the  present  method, t he  v e l o c i t y  f i e l d  induced by t h e  wake i s  
decomposed i n t o  two p a r t s ,  tl and P2. 
d i f f e r e n c e  domain a r e  considered t o  have i n f l u e n c e  ql and a l l  t h o s e  o u t s i d e  
t h e  domain have i n f l u e n c e  t2 ( f i g .  3c) .  
contained " ins ide"  t h e  branch c u t  i s  not an embedded wake s u r f a c e .  
element p a r t l y  i n s i d e  c o n t r i b u t e s  t o  'tl . 
f i n i t e  d i f f e r e n c e  domain is defined t o  be r o t a t i n g  frame f r ees t r eam components 
p l u s  t h e  p o t e n t i a l  f low, p l u s  t h e  embedded f i e l d :  
A l l  wake elements  i n s i d e  t h e  f i n i t e  
Note t h a t  t h e  p o r t i o n  o f  t h e  wake 
Hence, t h e  s o l u t i o n  i n s i d e  t h e  
Any 
+ +  + + 
v = v, + VI$ + v1 
-b 
where VI$ is solved f o r  as d i scussed  i n  t h e  next s e c t i o n .  I n  t h i s  form, t h e  
p o t e n t i a l  f u n c t i o n  i s  termed a reduced p o t e n t i a l  ( r e f .  28) s i n c e  i t  has  been 
sepa ra t ed  from t h e  onse t  v e l o c i t y  B-. 
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Equation ( 5 )  does - not  imply l i n e a r  supe rpos i t i on .  Rather ,  t h i s  combined 
v e l o c i t y  i s  s u b s t i t u t e d  i n t o  t h e  flow equa t ions ,  equa t ions  (1)  and ( 2 ) .  Thus 
equa t ion  (1)  can be r e w r i t t e n  a s  an equa t ion  f o r  0 wi th  an  inhomogeneous t e r m  
on t h e  r i g h t  hand s i d e :  
+ ( a 2  - u 2 ) ox, + (a2 - v 2 +,, + ( a 2  - w 2 >  +zz 
- 2 u q x z  - 2 vw + y z  
+ w 2 (x+x + zoz) - 2wvcosa(~,cos+ - +.sin$) 
= ( u  2 U l X  + v 2 VlY + "2WlZ)  + 2(uv U l Y  + U w U l z  + v y z )  
- 2 uv + 
XY 
( 6  1 
- w2(xul + zwl) + hpcosa (u lcos$  - w l s i ~ )  
+ 
and equa t ion  (2)  remains t h e  same, but with t h e  d e f i n i t i o n  of V as given i n  
e quat i on  ( 5  1. 
The flow i n  t h e  o u t e r  domain i s  def ined by t h e  l i n e a r  s u p e r p o s i t i o n  o f  
a l l  t h e  wake elements ,  
-b 
-+ + 
Thus, with p re sc r ibed  wake geometry and s t r e n g t h ,  t h e  V1 and V 2  v e l o c i t y  
f i e l d s  can be computed by t h e  v o r t e x  l a t t i c e  method and used i n  equat ion ( 6 )  
f o r  t h e  s o l u t i o n  o f  t h e  p o t e n t i a l .  R e c a l l  t h a t  t h e  r o t o r  wake geometry i s  a 
func t ion  of b l ade  geometry, ope ra t ing  c o n d i t i o n ,  and r o t o r  t h r u s t  ( r e f s .  4,  6 ,  
and 14) .  Since t h e  i n f l u e n c e  o f  t h e  wake i s  a l s o  a f u n c t i o n  of t h e  wake 
geometry and t h e  b l ade  c i r c u l a t i o n  d i s t r i b u t i o n ,  it i s  p o s s i b l e  t o  c o n s t r u c t  
a n  i t e r a t i o n  scheme: t h e  s o l u t i o n  o f  t h e  p o t e n t i a l  e q u a t i o n  g i v e s  a b l ade  
loading and hence t h r u s t  and c i r c u l a t i o n ,  from which new wake geometry and 
s t r e n g t h s  are obtained.  
s e c t  ion.  
The d e t a i l s  o f  t h e  procedure w i l l  f o l low i n  a l a t e r  
Outer Boundary Condition. - To e s t a b l i s h  t h e  o u t e r  boundary cond i t ion  f o r  
t h e  f u l l  p o t e n t i a l  s o l u t i o n ,  t h e  v e l o c i t y  f i e l d s  o f  t h e  i n n e r  and o u t e r  
domains are r equ i r ed  t o  match on t h e  boundary of t h e  f i n i t e  d i f f e r e n c e  mesh: 
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which g ives  
+ 
Hence, only those elements a s soc ia t ed  with V2, a s  i n  f i g u r e  3c,  c o n t r i b u t e  t o  
t h e  ou te r  boundary cond i t ion .  (Note t h a t  while  t h e  l i f t i n g  l i n e  and wake j u s t  
downstream of t h e  b l ade  appear  t o  be i n s i d e  t h e  i n n e r  domain, they a r e  
a c t u a l l y  e x t e r n a l  t o  i t ,  s i n c e  t h e r e  i s  a branch c u t  from the  a i r f o i l  t r a i l i n g  
edge.)  Equat ion ( 9 )  can be i n t e g r a t e d  t o  provide boundary va lues  on t h e  o u t e r  
su r f ace  of t h e  f i n i t e  d i f f e r e n c e  domain through t h e  r e l a t i o n  
+ 
where S r e p r e s e n t s  a path on t h e  ou te r  s u r f a c e ,  B ,  of t h e  domain. C lea r ly  
b, must  be i r r o t a t i o n a l ,  e l s e  no p o t e n t i a l  could e x i s t  f o r  i t .  It i s  ev ident  
t h a t  some types  and/or  combinations of  v o r t e x  elements  can in t roduce  
v o r t i c i t y ,  thereby  v i o l a t i n g  t h i s  requirement.  There i s  t h e  same r e s t r i c t i o n  
on b,. 
o f  t h e  incompressible  c o n t i n u i t y  equa t ion  ( a s  r e f l e c t e d  by eq. (611, bu t  t h i s  
i s  no guarantee  of i r r o t a t i o n a l  flow. Therefore  t h e  types  of wake elements 
a r e  r e s t r i c t e d  t o  t h o s e  which i n d i v i d u a l l y  produce p o t e n t i a l  f i e l d s .  The 
vo r t ex  box was used i n  t h i s  i n v e s t i g a t i o n  because i t  i s  a simple element t h a t  
s a t i s f i e s  t h e  i r r o t a t i o n a l i t y  c o n d i t i o n  and i t  i s  equ iva len t  t o  a convent iona l  
l a t t i c e  method, 
It i s  obta ined  he re  from t h e  Biot-Savart  Law and a s  such i s  a s o l u t i o n  
Blade Surface  Boundary Condition. - To enforce  t h e  flow tangency 
c o n d i t i o n  on t h e  b l ade  s u r f a c e ,  t h e  v e l o c i t y  a t  t h e  s u r f a c e  must s a t i s f y  
+ +  
V * n = O .  (11)  
+ 
As i n  t h e  o t h e r  equat ions  presented ,  V is  def ined  by equat ion  ( 5 ) .  
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Wake Boundary Condition. - The final conditions required to give a 
solution to the full potential equation are the Kutta condition at the 
trailing edge of the blade and a wake boundary condition. The Kutta condition 
is set by enforcing that the flow leave the trailing edge at the mean trailing 
edge angle. This is implemented in practice by making the branch cut of the 
finite difference mesh follow this mean angle as it leaves the trailing edge. 
The wake condition is established by enforcing an approximate convection 
relation for the trailing edge circulation, 
This is used in the finite difference formulation to set the jump in 
potential across the wake at each grid point associated with the wake. 
Finite Difference Solution 
of the Full Potential Equation 
The governing equation, equation ( 6 )  (and associated definitions equations 
(2), ( 3 ) ,  (4), and ( 5 ) ) ,  is solved with the boundary conditions, equations 
(lo), ( l l ) ,  and (12), by means of a finite difference technique that uses the 
Jameson rotated difference scheme and is described in reference 29. The 
numerical grid used is the sheared parabolic mesh used in FL022, reference 29, 
and ROT22, reference 28. 
Finite Inner Domain. - The finite difference mesh employed in ROT22/WAKE 
is constructed on a parabolic coordinate system. 
obtained in their Cartesian values through the parabolic transformation with 
shearing, translational, and rotational transformations added to give the body 
shape. It is then possible to solve the difference equations on a transformed 
mesh which is rectangular. The basic parabolic transformation is augmented by 
a stretching function which renders the computational domain finite, 
regardless of the size of the physical domain. Originally, this grid was 
designed to extend to infinity (in physical space) thereby allowing the 
specification of zero as the condition on the outer boundary. 
relation has been altered to permit the physical inner domain to be finite. 
The stretching is demonstrated by the following example for one coordinate 
direction. Taking as the computational coordinate, 0 2 < 1, the stretched 
coordinate is defined as 
Node point locations are 
The stretching 
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where 
t h e  s t r e t c h i n g  begins ;  and A ,  B ,  and C a r e  t h e  s t r e t c h i n g  parameters.  
I n f i n i t e  phys ica l  domains a r e  obtained by s e t t i n g  C = 1,  as  i n  the  o r i g i n a l  
code,  whi le  C > 1 g ives  a f i n i t e  domain. A s e t  o f  s t r e t c h i n g  parameters i s  
def ined  f o r  each coord ina te  d i r e c t i o n .  These can be chosen along with 
a p p r o p r i a t e  va lues  of t o  c o n s t r u c t  a d e s i r a b l e  mesh. 
dimensional  s e c t i o n s  of t h e  mesh a r e  g iven  i n  f i g u r e  4 ,  f o r  i n f i n i t e  and 
f i n i t e  domains. 
= ($ - % ) / ( l  - G), being t h e  po in t  i n  computat ional  space where P 
Examples of two- 
Outer Boundary Condit ion.  - To apply t h e  cond i t ion  def ined by equa t ion  
I (10)  and thereby  s e t  t h e  v a l u e s  o f  t h e  reduced p o t e n t i a l  on t h e  o u t e r  boundalry I 
, mesh p o i n t s ,  a scheme i s  r equ i r ed  for o b t a i n i n g  t h e  induced v e l o c i t y  ?, a t  
I boundary p o i n t s  and f o r  i n t e g r a t i n g  t h e s e  on t h e  s u r f a c e ,  B .  
f i e l d  i s  provided by t h e  vo r t ex  l a t t i c e  wake model which can be used t o  
compute t h e  induced v e l o c i t y  a t  any p o i n t ,  once t h e  wake element s t r e n g t h s  
have been def ined .  A s u i t a b l e  path of i n t e g r a t i o n  was chosen: following t h e  
boundary of each f i n i t e  d i f f e r e n c e  x-y mesh p lane ,  and a long  a r e fe rence  l i n e  
connect ing t h e  l ead ing  mesh po in t s  of t he  p lanes ,  as shown i n  f i g u r e  5. The 
convenient  l o c a t i o n s  f o r  eva lua t ing  t h e  induced 9, v e l o c i t i e s  a r e  a t  p o i n t s  
midway between mesh boundary po in t s ,  g iv ing  a t r a p e z o i d a l  type  scheme for t h e  
i n t e g r a t i o n .  
The 9, v e l o c i t y  
I n  t h e  computer program, t h e  i n t e g r a t i o n  around t h e  boundary of each 
mesh p lane  i s  done s e p a r a t e l y ,  followed by t h e  spanwise i n t e g r a t i o n  t o  s e t  
r e f e rence  va lues  of t h e  p o t e n t i a l  a t  each plane.  Then t h e  boundary va lues  
o f  a l l  t h e  p l anes  a r e  r econc i l ed  t o  t h i s  r e f e r e n c e  l i n e .  One va lue  o f  t h e  
p o t e n t i a l  must be set a r b i t r a r i l y ,  and it was chosen t o  be zero a t  t he  most 
inboard r e f e r e n c e  p o i n t .  
To make t h e  boundary va lue  computation more e f f i c i e n t ,  t h e  induced 
v e l o c i t y  c a l c u l a t i o n  i s  performed on ly  on t h o s e  mesh c e l l s  corresponding t o  
t h e  coarse  mesh, followed by t h e  i n t e g r a t i o n .  The p o t e n t i a l  va lues  a r e  then  
i n t e r p o l a t e d  on to  t h e  c u r r e n t  mesh boundary (medium or f i n e  mesh). This  i s  
not  c r u c i a l  t o  t h e  ope ra t ion  of t h e  program, but  i s  done only a s  a way of 
speeding up t h i s  p a r t  of  t h e  c a l c u l a t i o n .  A Lagrange t h r e e  po in t  i n t e rpo la -  
t i o n  scheme i s  used t o  g ive  a smooth d i s t r i b u t i o n  of p o t e n t i a l  on the  boundary 
s u r f a c e .  Though accuracy i s  l o s t  i n  t h e  i n t e g r a t i o n  on t h e  c o a r s e  mesh, t h e  
method seems t o  work w e l l  a s  long as t h e  i n t e r p o l a t e d  va lues  a r e  smooth. 
Blade Surface  Condition. - Equation (11) is  app l i ed  i n  e x a c t l y  t h e  same 
The method of enforc ing  t h e  
manner a s  i n  r e f e r e n c e  28, bu t  w i t h  t h e  i n c l u s i o n  o f  t h e  embedded v e l o c i t y  
a s soc ia t ed  wi th  t h e  d e f i n i t i o n  of equat ion  ( 5 ) .  
b lade  s u r f a c e  c o n d i t i o n  u s e s  an  image p o i n t  system v e r y  common t o  f i n i t e  
d i f f e r e n c e  s o l u t i o n s .  
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Kutta Condit ion,  Wake F i t t i n g ,  and Roll-up. - The convect ion r e l a t i o n  
equat ion  (12) i s  employed by de f in ing  a l o c a l  jump i n  p o t e n t i a l  ac ross  t h e  
wake su r face .  The wake s u r f a c e  of  t h e  f i n i t e  d i f f e r e n c e  mesh i s  o r i g i n a l l y  
t h e  branch cu t  o r i g i n a t i n g  a t  t he  t r a i l i n g  edge. This branch cu t  e x i s t s  
because t h e  p o t e n t i a l  f low cannot c o n t a i n  any v o r t i c i t y ;  hence,  t h e  s o l u t i o n  
reg ion  mus t  be s i n g l y  connected and envelop the  b lade  and wake. The branch 
c u t  i s  termed h e r e  t h e  "cut-surface." The cu t -sur face  then  h a s  upper and lower 
su r faces  ac ross  which t h e r e  i s  a d i s c o n t i n u i t y  i n  p o t e n t i a l  f o r  l i f t i n g  
f lows.  
Since t h e  cu t -sur face  i n  the  f i n i t e  d i f f e r e n c e  s o l u t i o n  r ep resen t s  t h e  
wake s u r f a c e ,  i t  i s  appropr i a t e  t o  make i t  c o n s i s t e n t  w i t h  t h e  l a t t i c e  wake, 
i n  terms of geometry and s t r e n g t h .  To do t h i s ,  both t h e  v e r t i c a l  p o s i t i o n  and 
d i s t r i b u t i o n  of c i r c u l a t i o n  on t h e  cu t -sur face  a r e  made c o n s i s t e n t  wi th  t h e  
l a t t i c e  wake geometry by means of a l i n e a r  i n t e r p o l a t i o n .  The r e s u l t i n g  cu t -  
s u r f a c e  shape i s  then  more r e a l i s t i c  t h a n  t h e  usua l  f l a t  wake of  most f i n i t e  
d i f f e r e n c e  codes.  An example i s  shown i n  f i g u r e  6. It should be noted t h a t  
t h i s  wake f i t t i n g  procedure approximates t h e  wake ro l l -up  s i n c e  t h e  p re sc r ibed  
wake geometr ies  have both a c i r c u l a t i o n  s t r e n g t h  and p o s i t i o n  which can r e s u l t  
i n  a c o n t r a c t i o n  and r e d i s t r i b u t i o n  o f  t h e  wake s t r e n g t h  i n  a p re sc r ibed  
manner. 
Coarse,  Medium, F ine  Mesh Levels .  - To speed convergence the  p o t e n t i a l  
equa t ion  i s  so lved  i n  a sequence, f i r s t  on a coa r se  mesh ( e .g . ,  20 chord x 4 
normal x 8 span c e l l s )  then on a medium mesh which has  twice  the  c e l l s  of t h e  
c o a r s e  mesh (40 x 8 x 16)  and l a s t l y  on a f i n e  mesh which h a s  aga in  twice  t h e  
c e l l s  of t h e  previous mesh (80 x 16 x 3 2 ) .  This process  is  a l s o  r e f e r r e d  t o  
a s  g r i d  h a l v i n g  o r  mesh ref inement .  To go from one mesh t o  t h e  f i n e r  one, i t  
i s  necessary  t o  i n t e r p o l a t e  t he  s o l u t i o n  onto t h e  f i n e r  mesh so t h a t  t h e  f i n e r  
s o l u t i o n  can begin  wi th  a n e a r l y  converged p o t e n t i a l  f i e l d .  This  i s  a common 
technique i n  f i n i t e  d i f f e r e n c e  methods. I n  the  vor tex  l a t t i c e  wake s t r u c t u r e  
used h e r e ,  t h e  number of spanwise l a t t i c e s  i s  t h e  same a s  t h e  number of  
spanwise f i n i t e  d i f f e r e n c e  c e l l s  on t h e  b lade .  This  i s  convenient from a 
programming s t andpo in t ,  bu t  i s  probably unnecessary f o r  adequate  r e s o l u t i o n  o f  
t h e  wake inf luence .  
Wake Model 
Vortex L a t t i c e .  - A simple l a t t i c e  type wake model i s  used, where t h e  
l a t t i c e  i s  cons t ruc t ed  by assembling i n d i v i d u a l  e lements .  
four-sided vo r t ex  box, with the  s i d e s  of t he  box being s t r a i g h t ,  cons tan t  
s t r e n g t h  Biot-Savart  v o r t e x  segments. This  cho ice  o f  wake element a s s u r e s  
t h a t  t h e  r e s u l t a n t  v e l o c i t y  f i e l d  of t h e  e n t i r e  wake w i l l  be i r r o t a t i o n a l ,  
s i n c e  t h e  box elements  meet t h i s  requirement i n d i v i d u a l l y .  Thus, t h e  wake i s  
c o n s i s t e n t  with t h e  inne r /ou te r  domain formulat ion given above, both f o r  t he  
embedded p o r t i o n  and f o r  t h e  wake o u t s i d e  t h e  i n n e r  domain. By t r e a t i n g  t h e  
wake elements  t h i s  way, t h e  d i s t i n c t i o n  between embedded elements and those  
o u t s i d e  is  more e a s i l y  made, and t h e  program l o g i c  i s  s impl i f i ed .  In 
Each element i s  a 
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a d d i t i o n ,  t h e  c i r c u l a t i o n  s t r e n g t h  o f  each box i s  equa l  t o  t h e  blade bound 
segment s t r e n g t h  a t  the i n s t a n t  i n  time (azimuth p o s i t i o n )  it was c r e a t e d .  
Note t h a t  i n  t h e  c a l c u l a t i o n  o f  t h e  wake i n f l u e n c e  i t  would b e  computat ional ly  
e f f i c i e n t  t o  consider  t he  wake as  made up of i n d i v i d u a l  segments r a t h e r  than 
boxes,  but t h a t  t h e  e a s e  o f  coding and debugging was considered more important 
i n  t h e  c u r r e n t  e f f o r t ,  
Geometry. - The v o r t e x  l a t t i c e  s t a r t s  a t  t h e  b l ade  q u a r t e r  chord 
l o c a t i o n .  
l i f t i n g - l i n e  of t h e  blade.  The wake then s t a r t s  a t  t h e  t r a i l i n g  edge, and 
con t inues  a s  f a r  a s  s p e c i f i e d .  Any number of b l a d e s  may be used, each be ing  
There i s  one l i n e  o f  boxes along t h e  b l a d e ,  r e p r e s e n t i n g  t h e  
, represented by an appropr i a t e  a r r a y  of v o r t e x  boxes. 
The geometry of t h e  wake can, i n  p r i n c i p l e ,  be p re sc r ibed  by any method. 
It i s  convenient ,  however, t o  l i m i t  t h e  s e l e c t i o n  o f  wake geometry models t o  a 
f e w  of those t h a t  a r e  c u r r e n t l y  i n  use and t h a t  can be generated e a s i l y .  The 
models used i n  t h i s  i n v e s t i g a t i o n  a r e  
1. Hover -- The g e n e r a l i z a t i o n  of Landgrebe ( r e f .  6 )  extended t o  
include the refinements of Kocurek and Tangler (ref. 
9 ) .  
2.  Forward F l i g h t  
a .  C l a s s i c a l  Skewed H e l i x  
b.  Gene ra l i za t ion  of Egolf and Landgrebe ( r e f .  14 )  
I An example of a hover wake l a t t i c e  i s  shown i n  f i g u r e  7 .  The inboard shee t  i s  
I 
I shaded. Note t h a t  t h e  connec t ing  l a t t i c e s  between t h e  s h e e t  and t h e  t i p  have 
no n e t  s t r e n g t h  because t h e r e  i s  no azimuthal v a r i a t i o n  i n  c i r c u l a t i o n  
s t r e n g t h .  A forward f l i g h t  wake i s  shown i n  f i g u r e  8 f o r  an advance r a t i o  o f  
0.1. For c l a r i t y ,  only the  t i p  l a t t i c e s  a r e  shown; t h e  inboard shee t  i s  a 
c l a s s i c a l  skewed h e l i c a l  s u r f a c e .  
f l i g h t  wake model used h e r e  is  taken t o  be t h e  momentum va lue ,  def ined f o r  
example i n  r e f e r e n c e  31. The g e n e r a l i z e d  wake i s  an approximation t o  a 
d i s t o r t e d  wake. 
The convect ion v e l o c i t y  o f  t h e  forward 
Ring Vortex Far  Wake i n  Hover. - A r i n g  v o r t e x  f a r  wake model i s  provided 
i n  t h e  a n a l y s i s  f o r  hover a p p l i c a t i o n s .  
t h e  f u l l  v o r t e x  l a t t i c e  a r e  needed t o  r e s o l v e  t h e  d e t a i l s  of t h e  near wake 
e f f e c t s ,  and t h e  remaining wake i n f l u e n c e  can  b e  r e p r e s e n t e d  by a s e r i e s  o f  
c i r c u l a r  r i n g  v o r t i c e s  modeling t h e  t i p  v o r t i c e s .  I n  t h e  c u r r e n t  a n a l y s i s ,  
t h e s e  v o r t i c e s  a r e  spaced a x i a l l y  according t o  t h e  r a t e  o f  a x i a l  displacement 
of t h e  p re sc r ibed  t i p  v o r t i c e s .  
Typ ica l ly  on ly  a few r e v o l u t i o n s  o f  
Azimuthal V a r i a t i o n  of Wake S t r eng th  i n  Forward F l i g h t .  - I n  forward 
f l i g h t  t h e  wake s t r e n g t h  var ies  az imutha l ly  as t h e  b l ade  c i r c u l a t i o n  changes. 
This phenomenon i s  important i n  computing t h e  c o r r e c t  wake induced flow a t  t h e  
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b lade  s u r f a c  , P r e s e n t l y ,  however, t h e  omputer p r  am do 3 t  sweep i n  
azimuth t o  gene ra t e  t h e  wake; r a t h e r ,  t he  quasi-s teady flow i s  solved f o r  a t  a 
p a r t i c u l a r  azimuth p o s i t i o n .  The c u r r e n t  a n a l y s i s  i s  capable  of  us ing  any 
d i s t r i b u t i o n  of blade bound c i r c u l a t i o n s ;  t hese  can be prescr ibed  from any 
source .  
wake s t r e n g t h  computed by a sepa ra t e  program, F398SR of r e fe rence  32. An 
example of t h e  c i r c u l a t i o n  d i s t r i b u t i o n  f o r  a r e p r e s e n t a t i v e  c a s e  (2-bladed 
r o t o r ,  0.3 advance r a t i o )  i s  shown i n  f i g u r e  9. For r o t o r s  with m u l t i p l e  
b l a d e s ,  a l l  b l ades  except  t h e  one on which t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n  i s  
obtained have t h e i r  bound c i r c u l a t i o n s  set by i n t e r p o l a t i o n  from the  input  
a r r a y  of wake s t r e n g t h s .  A t  each update  of t h e  wake in f luence ,  t h e  b a s i c  
d i s t r i b u t i o n  def ined  by F389SR i s  re-scaled so t h a t  t h e  peak c i r c u l a t i o n  a t  
t h e  r e fe rence  b l ade  azimuth equa l s  t h a t  of t h e  ROT22/WAKE s o l u t i o n .  
The p r e s e n t  r e s u l t s  were produced us ing  a p re sc r ibed  d i s t r i b u t i o n  of  
Roll-up of t h e  General ized Wake T ip  Vortex. - A ro l l -up  model i s  included 
This  model i s  q u i t e  s imple,  merely coa le sc ing  i n  t h e  gene ra l i zed  wake opt ion .  
t he  l a t t i c e s  outboard of t he  point  of maximum c i r c u l a t i o n .  This ro l l -up  i s  
c u r r e n t l y  s e t  t o  occur  over  t h e  f i r s t  30-deg of  wake age.  
1 3  
SOLUTION PROCEDURE 
The b a s i c  flow diagram of the  s o l u t i o n  procedure i s  provided i n  f i g u r e  
10. The r equ i r ed  input  information inc ludes  t h e  a i r f o i l  o r d i n a t e s ,  r o t o r  
planform, f l i g h t  cond i t ion ,  t he  f i n i t e  d i f f e r e n c e  mesh parameters and 
r e l a x a t i o n  c o e f f i c i e n t s .  
( coa r se ,  medium, and f i n e )  as  mentioned before .  
The a n a l y s i s  u ses  t h r e e  l e v e l s  o f  g r i d  ha lv ing  
I t e r a t i o n  Process  
B r i e f l y ,  t h e  process  c o n s i s t s  of an o u t e r  i t e r a t i o n  loop corresponding t o  
a g r i d  ha lv ing  loop  and an inne r  loop  i n  which t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n  
and wake geornetry/influence a r e  i t e r a t e d  t o  convergence on t h e  c u r r e n t  mesh. 
Within t h e  s o l u t i o n  loop,  t h e  f i n i t e  d i f f e r e n c e  p o r t i o n  o f  t h e  a n a l y s i s  can be 
run f o r  any number of r e l a x a t i o n  sweeps between updates  of t h e  wake geometry 
and s t r e n g t h  ( r e f s .  2 8  and 29  provide d e t a i l s  of  t h e  f i n i t e  d i f f e r e n c e  
r e l a x a t i o n  scheme.) To s t a r t  t he  process ,  t he  i n i t i a l  mesh and wake geometr ies  
a r e  computed from inpu t  q u a n t i t i e s .  An i n i t i a l  e s t i m a t e  f o r  t h e  f i n i t e  
d i f f e r e n c e  b lade  boundary condi t ion  i s  made. 
g r id .  The s o l u t i o n  process  i s  en te red ,  and t h e  f i n i t e  d i f f e r e n c e  r e l a x a t i o n  
i s  appl ied  f o r  a number of sweeps ( e .g ,  10) t o  e s t a b l i s h  an approximate b l ade  
loading.  Then an e s t i m a t e  of  t h e  r o t o r  t h r u s t  (needed as inpu t  f o r  t h e  wake 
geometry c a l c u l a t i o n )  i s  made based on the  blade loading .  New wake and mesh 
geometr ies  a r e  computed, and t h e  wake s t r e n g t h s  a r e  determined from t h e  
t r a i l i n g  edge c i r c u l a t i o n s  of t he  f i n i t e  d i f f e r e n c e  s o l u t i o n .  The embedded 
wake in f luence ,  V I ,  i s  computed and s to red  a t  each of t h e  i n t e r i o r  f i n i t e  
d i f f e r e n c e  mesh p o i n t s .  
i n  equat ion  ( 6 ) .  The vor t ex  l a t t i c e  method i s  then used t o  compute t h e  
e x t e r n a l  wake in f luence ,  V2, a t  t he  o u t e r  boundary of t h e  f i n i t e  d i f f e r e n c e  
mesh t o  provide t h e  boundary va lues  by equat ion  (10) .  
f o r  convergence ( c u r r e n t l y ,  t h i s  check i s  made on t h e  maximum c o r r e c t i o n  t o  
t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n ) .  I f  t h e  s o l u t i o n  i s  converged t o  w i t h i n  t h e  
prescr ibed  to l e rance  f o r  t h i s  g r i d  l e v e l ,  or i f  t h e  l i m i t  of  r e l a x a t i o n  sweeps 
h a s  been reached,  t h e  mesh i s  r e f i n e d  and t h e  process  r e p e a t s .  
This  i s  normally t h e  coa r se  
-b 
This  inc ludes  t h e  d e r i v a t i v e s  of  t h e  v e l o c i t y  needed 
-b 
The s o l u t i o n  i s  checked 
The frequency with which t h e  wake in f luence  i s  updated can be 
p re sc r ibed .  On t h e  f i n e  meshes, it i s  d e s i r a b l e  from a computation c o s t  
s tandpoin t  t o  l i m i t  t he  number of wake updates .  This  i s  because t h e  number 
o f  embedded wake elements  i s  c u r r e n t l y  r e l a t e d  t o  t h e  number of  spanwise 
mesh po in t s  ( a l l  o t h e r  parameters he ld  f ixed ) .  The coa r se  and medium mesh 
wake updates  a r e  inexpensive and a r e  permi t ted  every  t i m e  t h e  peak c i r c u l a t i o n  
grows by 5%. By t h e  end of t h e  medium mesh s o l u t i o n ,  t h e  b lade  load i s  f a i r l y  
c l o s e  t o  t h e  f i n a l  r e s u l t ;  t h u s ,  t h e  wake p o s i t i o n  i s  w e l l  e s t a b l i s h e d  by t h e  
t i m e  t h e  f i n a l  mesh i s  en tered .  
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Computation Time 
The cos t  of eva lua t ing  the  embedded wake inf luence  can be a s u b s t a n t i a l  
p a r t  of  t h e  t o t a l  computation t ime f o r  a method of  t h i s  s o r t .  This  i s  because 
t h e  embedding procedure r e q u i r e s  t h a t  t h e  wake element v e l o c i t i e s  and t h e i r  
d e r i v a t i v e s  be  computed a t  each o f  t h e  f i n i t e  d i f f e r e n c e  mesh p o i n t s .  
would be poss ib l e ,  and perhaps e f f i c i e n t ,  t o  compute the  V1 in f luence  only a t  
p o i n t s  on s o l i d  boundaries  and where t h e  l o c a l  Mach number i s  high;  but  t h i s  
would r e q u i r e  l o g i c a l  t es t s  t h a t  could prove cumbersome.) I n  f a c t ,  f o r  some 
cases  t h e r e  may be enough wake elements i n s i d e  the  inner  domain t h a t  t h e  
embedding c o s t s  dominate t h e  c a l c u l a t i o n .  C lea r ly ,  t h e  smal le r  t h e  inne r  
domain, t he  b e t t e r ;  but  t r anson ic  cond i t ions  a t  t he  t i p  put a l i m i t  on t h e  
proximity of t h e  o u t e r  boundary. 
( I t  
-b 
For t h e  present  a n a l y s i s ,  t he  computation time is  presented as two 
parameters :  t h e  c o s t  t o  e v a l u a t e  t h e  embedded v e l o c i t i e s  and d e r i v a t i v e s ,  and 
t h e  bas i c  cos t  of t h e  f i n i t e  d i f f e r e n c e  r e l a x a t i o n  algori thm. The c u r r e n t  
c a l c u l a t i o n s  were performed on a Perkin-Elmer 3200 s e r i e s  super-minicomputer 
(approximately the  same speed a s  a D i g i t a l  Equipment Corporation VAX 780). 
The CPU t ime r equ i r ed  t o  compute t h e  in f luence  ( v e l o c i t y  and v e l o c i t y  
g rad ien t )  of  one four-sided vo r t ex  box wake element a t  one mesh point  is about 
0.0035 sec .  The t ime r equ i r ed  f o r  one r e l a x a t i o n  sweep i s  about 0.0017 sec  
per mesh po in t .  From these  va lues  an approximate r e l a t i o n  can be given f o r  
t h e  propor t ion  o f  t ime devoted t o  t h e  embedding procedure r e l a t i v e  t o  t h e  
f i n i t e  d i f f e r e n c e  s o l u t i o n  por t ion :  
[Number of Embedded Wake Elements] 
P = 2 *  
[Number of F i n i t e  Di f fe rence  Sweeps per Wake update]  
This e s t ima te  i s  probably v a l i d  f o r  similar methods us ing  t h e  vo r t ex  box wake 
e lement ,  and a f u l l  p o t e n t i a l  r e l a x a t i o n  scheme on a scalar  process ing  
computer. Assuming t h a t  t he  frequency of t h e  updates  i s  known and f i x e d ,  t hen  
t h e  number of  embedded wake elements  i s  t h e  important  parameter.  This  can be 
con t ro l l ed  i n  two ways: e i t h e r  by making t h e  inner  domain small so as t o  
exclude a s  many elements  a s  p o s s i b l e ,  o r  t o  change t h e  coarseness  o f  t h e  wake 
l a t t i c e .  
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VERIFICATION OF CONCEPT 
The complexity of h e l i c o p t e r  r o t o r  aerodynamics makes t h e  v e r i f i c a t i o n  
o f  a p a r t i c u l a r  method v e r y  d i f f i c u l t .  Here, t h r e e  demonstrat ions a r e  
presented a s  v e r i f i c a t i o n  of t he  two b a s i c  a s p e c t s  of t h e  c u r r e n t  method: 
1) t h e  i n c l u s i o n  of t h e  e x t e r n a l  (V,) wake in f luence  by t h e  boundary 
i n t e g r a t i o n ,  2) t h e  i n c l u s i o n  of t h e  remaining wake i n f l u e n c e  by t h e  technique 
of v o r t e x  embedding, and 3) t he  resul t  of t hese  techniques i n  producing t h e  
wake i n f l u e n c e  on r o t o r  a i r l o a d s .  The f i r s t  demonstrat ion compares an 
t h e  f i n i t e  domain c a s e s  uses  t h e  boundary i n t e g r a t i o n  and one h a s  t h e  reduced 
p o t e n t i a l  s e t  t o  zero on the  o u t e r  boundary. The o r i g i n a l  ROT22 code 
r ecogn izes  o n l y  one q u a r t e r  o f  a wake r e v o l u t i o n  shed o f f  t h e  b l ade .  
p o r t i o n  and so  t h a t  t h e  c a s e s  correspond t o  t h e  u s u a l  ROT22 t r ea tmen t .  
11 shows t h e  r a d i a l  load d i s t r i b u t i o n  on a blade i n  hover f o r  t hese  c a s e s .  
The f i n i t e  domain c a s e  wi th  t h e  boundary v a l u e s  determined by t h e  i n t e g r a t i o n  
descr ibed above i s  e s s e n t i a l l y  t h e  same as  t h e  i n f i n i t e  domain case.  The 
small  d i f f e r e n c e s  noted a r e  due t o  t h e  l a c k  of a t h i c k n e s s  model, numerical 
i n t e g r a t i o n  e r r o r s ,  and the  a s soc ia t ed  d i s c r e t e  v o r t e x  l a t t i c e  wake model. 
The f i n i t e  domain case  wi th  zero p re sc r ibed  as t h e  o u t e r  boundary c o n d i t i o n  i s  
c l e a r l y  i n c o r r e c t .  This i s  d i r e c t l y  analogous t o  t h e  l a c k  of a f a r  f i e l d  l i f t  
model i n  f i n i t e  domain two-dimensional c a l c u l a t i o n s .  Thus, t h e  in f luence  o f  
t h e  blade and i t s  a s soc ia t ed  wake can be included through t h e  boundary 
c o n d i t i o n s  ( f o r  t hose  p o r t i o n s  of t h e  wake which are e n t i r e l y  ' e x t e r n a l '  t o  
t he  f i n i t e  d i f f e r e n c e  domain). 
I 
-b 
, i n f i n i t e  domain (una l t e red  ROT22) case with two f i n i t e  domain cases .  One o f  
1 
As such,  
Figure 
I a l l  t h r e e  c a s e s  used 1/4 r e v o l u t i o n  of wake, so t h a t  t h e r e  was no embedded 
The v o r t e x  embedding concept i s  demonstrated i n  f i g u r e  1 2 ,  where r e s i d u a l  
f low v e c t o r s  a r e  shown i n d i c a t i n g  t h e  i n f l u e n c e  o f  t h e  embedded p o r t i o n  o f  t h e  
wake. This r e s i d u a l  f i e l d  i s  t h a t  of a complete r o t o r  and wake s o l u t i o n  with 
embedded v o r t e x  wake elements ,  minus t h a t  of t h e  r o t o r  w i th  on ly  t h e  b a s i c  
ROT22 1/4 rev of wake. I n  f i g u r e  12 the approximate path of the  wake of t h e  
preceding b l ade  (2-bladed r o t o r ) ,  i s  shaded. Near t h i s  pa th ,  t h e  flow 
d i s tu rbance  due t o  t h e  d i s c r e t e  model of a wake shee t  i s  ev iden t .  These 
r e s u l t s  i n d i c a t e  t h a t  t h e  fundamental a s p e c t s  of t h e  concept f u n c t i o n  
c o r r e c t l y .  
Fu r the r  evidence i s  provided i n  a more s p e c i f i c  example which e x h i b i t s  
t h e  gene ra l  b l a d e  load ing  f e a t u r e s  due t o  t h e  i n f l u e n c e  of t h e  wake o f  a 
l i f t i n g  r o t o r .  I n  f i g u r e  13, t h e  e f f e c t  of both t h e  l o c a l  i n f luence  of a t i p  
v o r t e x  and t h e  g l o b a l  wake i n f l u e n c e  a r e  demonstrated.  
i n f luence  r e s u l t s  i n  t h e  c h a r a c t e r i s t i c  spanwise c i r c u l a t i o n  d i s t r i b u t i o n  f o r  
hover ( f i g .  13a).  The g l o b a l  i n f luence  o f  t h e  wake due t o  two b l a d e s  r e s u l t s  
i n  a gene ra l  downwash which reduces the  blade loading ( f i g .  13b).  
The l o c a l  t i p  v o r t e x  
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Thickness Effects on the Outer Boundary Condition. - As noted earlier, 
thickness effects are neglected for the determination of the boundary 
conditions on the outer surface of the inner domain. Because the thickness 
disturbance in transonic flows is dramatically greater than in subsonic flows, 
the question arises as to the need for a thickness-type correction to the 
boundary condition for accurate transonic calculations using the finite 
domain. Investigations were made using two-dimensional transonic small 
disturbance theory and also the three-dimensional full potential analysis of 
reference 29 for a limited number of Mach number conditions which were 
representative of rotor tip Mach numbers. It was found that the inclusion of 
a thickness model was necessary in most transonic two-dimensional calculations 
on meshes whose outer boundaries were within a few chord lengths of the 
airfoil. However, for the three-dimensional wing analysis, the Mach number 
could be larger than in the corresponding two-dimensional case because of 
three-dimensional relief. 
This investigation was continued into the three-dimensional rotor 
problem. 
advance ratio ( 0 . 4 )  was run using both the infinite and finite domain meshes 
shown in figure 4 .  This represents a severe operating condition with maximum 
tip Mach number 0.91. The resulting blade surface pressure distributions are 
given in figure 14. Since the case is non-lifting, the wake has no effect on 
the boundary condition (which is zero for both domains). Thus, the 
discrepancy between the two cases is due to the thickness alone. 
discrepancy is evident on the outboard stations for this extreme operating 
condition. 
combined with a finite domain such as used here, a thickness model should be 
used. For more usual Mach numbers, or f o r  larger domains, the thickness 
effect will be secondary to the lift effects accounted for by the wake method 
given here. Based on these results it is felt that the current model for the 
calculation of the boundary conditions is adequate for all but the most severe 
conditions. 
A non-lifting test case at high tip speed (+ = 0.65) and high iP 
This 
As a result it is felt that for conditions of this severity 
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APPLICATIONS 
The preceding section illustrated verification of the fundamental aspects 
of the technical approach and the general features of the wake influence. In 
this section the results of several applications to both hover and forward 
flight are presented. Correlations with data in hover for both subsonic and 
transonic lifting conditions are presented. These results demonstrate that 
the method is properly accounting for nonlinear transonic flow effects 
(inviscid) and the wake influence. 
A forward flight correlation study consisting of a comparison of 
theoretical results with test data was beyond the scope of this contract 
activity. Earlier correlations with data, both blade surface and field 
information, have been shown with the ROT22 analysis for non-lifting transonic 
forward flight conditions (refs. 28 and 33). A theory-test comparison has 
recently been completed as part of the ongoing UTRC research program, and the 
results of this comparison are presented in reference 34 for an Army 117-scale 
model rotor at two advanced ratios, 0.298 and 0.345. These results 
demonstrate that the code is capable of modeling the transonic aspects of 
forward flight conditions. The forward flight applications shown herein are 
presented to demonstrate the influence of the wake modeling in forward 
flight. 
All of the results presented, unless otherwise noted, used a finite 
difference mesh of 80 x 16 x 32 cells, and two revolutions of vortex lattice 
wake. 
Hover 
With the innerlouter domain formulation verified, the analysis was 
applied to several hover test configurations for which data are available. 
Conditions from two different sources of data were obtained to provide a 
reasonable range of correlation. (These hover results have also been 
presented in reference 35. In that reference the cases were originally run 
with a single finite length vortex to model the tip vortex influence. Also 
the portion of the inboard sheets which passed into the finite domain was 
neglected. 
portions of the sheets have been replaced with the complete hover generalized 
wake structure. 
slight change in the loading, pressure distributions, and required only a 
small change in blade collective setting to match the thrust condition. 
hover applications shown, ten revolutions of ring vortex far wake were used. 
Since that time the single finite length vortex and missing 
The results of the more accurate wake structure showed only a 
As 
I such, the results shown herein are reproduced directly from ref. 35.) In the 
Single Bladed Rotor, Low Tip Speed. - To validate the capabilities of the 
analysis as applied to an actual rotor condition for which quality chordwise 
pressure distributions were available, the analysis was applied to the model 
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r o t o r  t e s t  cond i t ions  of r e fe rence  36. 
r a t i o  (4.81, s ingle-bladed r o t o r  was run a t  one t i p  speed (0.25 Mach number) 
and t h r e e  c o l l e c t i v e  p i t c h  ang le s  (0, 6.18, and 11.4 degrees)  us ing  two 
d i f f e r e n t  square t i p  end shapes ( f l a t  and h a l f  body of r e v o l u t i o n ) .  The b l ade  
was untwisted and of  cons t an t  chord, having a NACA-0012 a i r f o i l  s e c t i o n .  Data 
a r e  a v a i l a b l e  a t  t h e  0.94, 0.966, 0.980, 0.987, 0.991, and 0.995 R s t a t i o n s ,  
p rovid ing  d e t a i l e d  chordwise p re s su re  measurements i n  t h e  t i p  region.  In t h i s  
a p p l i c a t i o n ,  t h e  ROT22/WAKE a n a l y s i s  was run us ing  t h e  t e s t  va lues  of c o l l e c -  
t i v e  p i t c h .  Comparisons wi th  t h e  ROT22/WAKE r e s u l t s  a r e  g iven  below. Since 
the  mesh s t r u c t u r e  of ROT22 i s  incapable  of r e so lv ing  t h e  a c t u a l  t i p  end shape 
(not  t o  be confused wi th  t i p  planform shape) ,  t h e  d a t a  f o r  t h e  h a l f  body o f  
r evo lu t ion  t i p  are used f o r  comparison. There i s  l i t t l e  d i f f e r e n c e  i n  t h e  
experimental  d a t a  f o r  t h e  two end shapes ,  except  very  near  t h e  t i p .  
In  t h a t  t e s t  program, a low aspec t  
The predic ted  and experimental  p ressure  d i s t r i b u t i o n s  (C a r e  shown 
i n  f i g u r e  15 f o r  a l l  b lade  angles  repor ted  i n  r e fe rence  36. ! h e  measured d a t a  
shown on t h e s e  p l o t s  a r e  f o r  t h e  0.940, 0.966, and 0.987 r a d i a l  s t a t i o n s .  The 
computed r e s u l t s  a r e  f o r  t he  0.944, 0.967, and 0.989 r a d i a l  s t a t i o n s .  
Exce l l en t  agreement between t h e  measured and p red ic t ed  d i s t r i b u t i o n s  a t  t he  
0.94 and 0.966 r a d i a l  s t a t i o n s  was obtained f o r  a l l  b lade  angles .  The 
agreement a t  t h e  0.987 r a d i a l  s t a t i o n  i s  s u r p r i s i n g l y  good for a p o t e n t i a l  
method. These r e s u l t s  i n d i c a t e  t h a t  t h e  a n a l y s i s  a c c u r a t e l y  p r e d i c t s  t h e  
fundamental f e a t u r e s  of  t h e  r o t a r y  wing flow problem. 
Although t h e  agreement f o r  t h i s  a p p l i c a t i o n  i s  very  good, t he  model r o t o r  
cons idered  i s  s i n g l e  bladed and thus  t h e  wake and t h e  pas s ing  t i p  v o r t e x  
in f luence  a r e  g e n e r a l l y  weaker than f o r  convent ional  r o t o r s .  Also, t h e  
l i m i t e d  spanwise d a t a  p r o h i b i t s  comparison a t  inboard s t a t i o n s  and t h e  
cond i t ions  were subsonic .  The second a p p l i c a t i o n  provides  an a d d i t i o n a l  
measure of t h e  p r e d i c t i v e  c a p a b i l i t i e s  o f  t h e  a n a l y s i s .  
Two Bladed Rotor ,  High T ip  Speed. - The second source of d a t a  used f o r  
comparison i s  t h a t  o f  r e f e r e n c e  37, being t h e  r e s u l t s  o f  a model r o t o r  t e s t  i n  
hover f o r  a range of t i p  speeds.  This t es t  provided chordwise pressure  
measurements and spanwise load informat ion  a t  f i v e  s t a t i o n s  from midspan t o  
t h e  t i p .  The t i p  Mach number condi t ions  ranged from 0.266 t o  0.877.  The 
r o t o r  used i n  t h e  t es t  was a two-bladed, un twis ted ,  cons t an t  chord model wi th  
aspec t  r a t i o  6.5. The b lade  s e c t i o n  w a s  a NACA-0012. Measurements were made 
a t  v a r i o u s  c o l l e c t i v e  p i t c h  s e t t i n g s  from 0 t o  12  degrees .  
a r e  compared with s e v e r a l  of t he  tes t  cond i t ions .  For each of t hese  condi- 
t i o n s ,  t h e  a n a l y s i s  was run  t o  g i v e  approximately t h e  same t h r u s t  a s  r epor t ed  
from t h e  t e s t .  The ROT22/WAKE p i t c h  s e t t i n g s  were 1-2 degrees  lower than t h e  
t es t  va lues  f o r  t h i s  two bladed r o t o r .  For t h e  prev ious  c a s e  ( r o t o r  o f  
r e f .  36) ,  however, good c o r r e l a t i o n  was obtained us ing  t h e  measured p i t c h  
ang le s .  
ROT22/WAKE r e s u l t s  
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The first case is a low tip Mach number condition (0.439). The second 
is a high tip Mach number case (0.877). Third, the effect of Mach number is 
considered at a particular station near the tip, at a fixed collective pitch. 
Finally, a comparison is made for a high collective pitch setting (12-deg) at 
a high tip Mach number (0.794). 
The low tip Mach number case (0.439) is presented in figures 16 and 17. 
Figure 16 shows the measured and predicted spanwise distributions of section 
lift coefficient. The load distribution as predicted by ROT22 is shown here, 
both with and without the wake influence. Where no wake is included, the 
prediction is obviously deficient. The inclusion of the wake model results in 
generally good agreement between the measured and computed load distributions. 
For comparative purposes a calculation from reference 37 is included in figure 
16. This result is based on the liftingsurface method of reference 13 using 
the measured tip vortex geometry from the test. In reference 36 additional 
lifting-surface predictions were made with adjusted wake geometries which in 
some cases improved the correlation. 
A comparison of the computed with the measured chordwise pressure 
distributions at the five radial stations is shown in figure 17. The 
correlation is good, particularly at the outboard stations. 
The higher Mach number condition resulted in very similar correlation, 
This condition shows the ability of the analysis to as shown in figure 18. 
predict the transonic flow on the blade. For additional comparison, the 
measured results presented in reference 37 at the 0.8R station are reproduced 
in part in figure 19 along with the current ROT22/WAKE prediction and those 
computed results from reference 37 based on a two-dimensional finite 
difference method. The lifting-surface analysis noted earlier was used to 
provide an estimate of the section angle-of-attack for the two-dimensional 
calculation. Both an inviscid and a viscous two-dimensional computation are 
compared with the test result. The inviscid conservative method gives a shock 
that is too strong, while the equivalent viscous calculation shows excellent 
agreement with the data. While ROT22/WAKE has no viscous correction, it is 
formulated in the non-conservative fashion which tends to smear the shock. 
The effect of tip Mach number on the character of the chordwise 
loading distribution is shown in figure 20. Four tip Mach number conditions 
(0.439, 0.612, 0.794, and 0.877) were computed for the 8.0 degree collective 
pitch condition. 
station. The capture of the shock is evident for the increased Mach number. 
This feature is well predicted by the analysis. 
The pressure distributions are shown for the 0.96 radial 
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One f u r t h e r  cond i t ion  was run t o  compare wi th  t e s t  r e s u l t s .  The t e s t  
cond i t ion  was a high blade c o l l e c t i v e  p i t c h  s e t t i n g  of 12.0 degrees ,  run a t  a 
t i p  Mach number of 0.794. The comparison of t h e  measured and p red ic t ed  
p res su re  d i s t r i b u t i o n s  i s  shown i n  f i g u r e  21 f o r  t h i s  ca se .  No evidence o f  
s t a l l  i s  noted. Again, t h e  c o r r e l a t i o n  i s  q u i t e  good, although some 
d i f f e r e n c e s  a r e  seen i n  t h e  peak p res su re  c o e f f i c i e n t s  on t h e  th ree  innermost 
r a d i a l  s t a t i o n s .  
Forward F l i g h t  
A s  noted above, a forward f l i g h t  c o r r e l a t i o n  with experiment i s  beyond 
t h e  scope of t he  c u r r e n t  e f f o r t .  Here we p resen t  some computed r e su l t s  f o r  
two f l i g h t  cond i t ions  of a two-bladed r o t o r  f o r  demonstration purposes. The 
s imula t ion  used a cons t an t  s e c t i o n ,  cons t an t  chord,  untapered,  unswept b l ade  
with a l i n e a r  t w i s t  of -10 degrees .  The r o t o r  r a d i u s  t o  chord r a t i o  was 9.22. 
A NACA Four-digi t  symmetrical a i r f o i l  was used wi th  9.7% maximum t h i c k n e s s .  
The two cond i t ions  a r e  f o r  advance r a t i o s  of 0.2 and 0.35. 
To i n d i c a t e  t h e  e f f e c t  of t he  presence of t h e  wake, c a s e s  were run us ing  
t h e  gene ra l i zed  wake ( r e f .  141, t h e  c l a s s i c a l  skewed h e l i c a l  wake, and t h e  
o r i g i n a l  i n f i n i t e  domain ROT22 a n a l y s i s .  The resu l t s  f o r  t h e  90 deg blade 
azimuth p o s i t i o n  a r e  shown i n  f i g u r e  22. The i n f i n i t e  domain v e r s i o n  of ROT22 
which used only one-quarter r e v o l u t i o n  of wake, f o r  one b l ade ,  p r e d i c t s  h ighe r  
inboard loading and demonstrates  no e f f e c t  of t h e  wake of t h e  preceding b l ade  
on t h e  loading.  The gene ra l i zed  wake case  r e v e a l s  t h e  dramatic i n f luence  of 
t h e  concen t r a t ed  pass ing  v o r t e x  n e a r  t h e  t i p  when compared with t h e  c l a s s i c a l  
wake model. This comparison c l e a r l y  i n d i c a t e s  t h e  need f o r  t h e  i n c l u s i o n  of 
t h e  wake mode 1. 
Moderate Advance Ra t io ,  v = 0.2.  - Fur the r  s t u d i e s  of t h e  e f f e c t  of t h e  
wake model a r e  shown i n  f i g u r e  23 f o r  t h e  moderate advance r a t i o  cond i t ion .  
Load d i s t r i b u t i o n s  a r e  given i n  f i g u r e  23 f o r  t he  r o t o r  blade a t  t h r e e  azimuth 
p o s i t i o n s ,  60, 90, and 120 deg. The angle-of-attack of t he  t i p -pa th  plane was 
set t o  -4 deg, and t h e  r o t a t i o n a l  t i p  Mach number was 0 . 6 6 .  Resu l t s  a r e  shown 
f o r  both t h e  g e n e r a l i z e d  wake and c l a s s i c a l  skewed h e l i c a l  wake t o  i n d i c a t e  
t h e  s t r o n g  in f luence  of t h e  wake geometry model on t h e  s o l u t i o n .  The l o c a t i o n  
o f  a s t r o n g  t i p  v o r t e x  i n f l u e n c e  is seen  t o  move i n  t h e  inward r a d i a l  
d i r e c t i o n  a s  t h e  blade advances i n  azimuth p o s i t i o n .  The gene ra l i zed  wake i s  
u s u a l l y  c l o s e r  t o  t h e  b l a d e  i n  t h i s  azimuth r ange  t h a n  t h e  corresponding 
h e l i c a l  wake, and t h e  gene ra l i zed  wake model used h e r e  has  a r o l l e d  up t i p  
v o r t e x ,  making t h e  i n f l u e n c e  q u i t e  s t r o n g  n e a r  t h e  t i p  v o r t e x  passage. It i s  
noted t h a t  t h e ' c h a r a c t e r i s t i c  f e a t u r e s  of t h e  a i r l o a d  d i s t r i b u t i o n s  i n  f i g u r e s  
2 2  and 23 r ega rd ing  t h e  e x i s t e n c e  and l o c a t i o n s  o f  l o c a l  peaks are c o n s i s t e n t  
with those observed i n  measured H-34 r o t o r  a i r l o a d s  of r e f e r e n c e  38. 
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Blade s u r f a c e  p re s su re  d i s t r i b u t i o n s  a r e  presented  i n  f i g u r e  24  f o r  t h e  
90-deg azimuth case .  Four r a d i a l  s t a t i o n s  a r e  shown: 0.60, 0 . 7 5 ,  0.88, and 
0.96. A s  seen  from t h e  f i g u r e  2 3 ,  t h e  primary t i p  v o r t e x  i n t e r a c t i o n  occurs  
a t  about 0.9R f o r  t h i s  cond i t ion  (genera l ized  wake); t h e  pressure  d i s t r i b u t i o n  
nearby (0.88R) i s  s t r o n g l y  a f f e c t e d  r e l a t i v e  t o  t h e  c l a s s i c a l  wake r e s u l t .  
The c l o s e  v o r t e x  passage has  r e s u l t e d  i n  a s i g n i f i c a n t  a f t  loading  c r e a t i n g  a 
l a r g e  nose-up s e c t i o n  p i t c h i n g  moment. Lack of c l o s u r e  o f  t h e  p re s su re  
d i s t r i b u t i o n s  a t  t h e  blade t r a i l i n g  edges f o r  c l o s e  vo r t ex  passages ( t i p  and 
inboard s h e e t )  i s  exh ib i t ed  i n  t h i s  f i g u r e  ( r /R = 0 . 7 5 6 ) .  This  has  been 
i d e n t i f i e d  as  being r e l a t e d  t o  the  manner i n  which the  o r i g i n a l  a n a l y s i s  
i nco rpora t e s  t h e  boundary c o n d i t i o n  ac ross  t h e  cu t -sur face .  
has  not been seen i n  t h e  hover app l i ca t ions  where t h e  inboard shee t  i s  f u r t h e r  
removed from t h e  b l ade  and t h e  t i p  v o r t e x  i s  f u r t h e r  outboard.  Given t h e  
i n v i s c i d  n a t u r e  of t h e  method, c o r r e c t i n g  t h i s  aspec t  of t h e  model f o r  c l o s e  
b l ade /vo r t ex  i n t e r a c t i o n s  w a s  beyond t h e  scope of  t h i s  r e sea rch  program. 
This anomaly 
High Advance Ra t io ,  p = 0.35. - This case  r e p r e s e n t s  a t r anson ic  t i p  
speed cond i t ion .  Blade loadings  a r e  shown i n  f i g u r e  25. Again n o t e  t h e  very  
marked d i f f e r e n c e  i n  the  genera l ized  wake r e s u l t  compared t o  t h e  c l a s s i c a l  
wake a t  t h e  90 deg azimuth loca t ion .  
approximately 25% c l o s e r  i n  the  case  of t he  genera l ized  wake than f o r  t h e  
c l a s s i c a l  wake. 
The vo r t ex  passage occurs  a t  about 0.6R, as  born out  by t h e  load d i s t r i b u -  
t ion. 
Here t h e  primary v o r t e x  passage occurs  
The t i p  v o r t e x  i s  r o l l e d  up f o r  t h e  gene ra l i zed  wake model. 
The corresponding p res su re  d i s t r i b u t i o n s  a r e  given i n  f i g u r e  26. These 
a r e  f o r  t h e  90 deg azimuth case .  The d i f f e r e n c e  between t h e  two wake models 
i s  most ev ident  a t  t h e  0.6R s t a t i o n ,  e s p e c i a l l y  on t h e  lower s i d e .  Outboard 
t h e  flow i s  t r a n s o n i c  and shock waves a r e  p r e s e n t .  
To see t h e  change i n  su r face  Mach number d i s t r i b u t i o n s  over t h e  azimuth 
sweep, 60, 90, and 120  deg, t h e  Mach contours  a r e  g iven  i n  f i g u r e  27 f o r  t h e  
0 . 3 5  advance r a t i o  case .  The o u t e r  25% of t h e  b lade  i s  shown, with both upper 
and lower s u r f a c e s .  Of t h e  t h r e e  azimuth p o s i t i o n s ,  t h e  r eg ion  of  supersonic  
flow is  seen t o  be a maximum a t  t h e  90 deg azimuth p o s i t i o n .  
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DISCUSSION OF RESULTS 
From t h e  r e s u l t s  presented fo r  both hover and forward f l i g h t  a p p l i c a t i o n ,  
i t  i s  ev iden t  t h a t  t h e  approach def ined  h e r e i n  provides  f o r  t h e  t rea tment  o f  
h e l i c o p t e r  r o t o r  wake modeling i n  a f i n i t e  d i f f e r e n c e  code i n  a cos t  e f f e c t i v e  
and a c c u r a t e  manner w i t h i n  t h e  assumptions of  i n v i s c i d  theory  and t h e  accuracy 
of t h e  wake models. The method has been shown t o  provide f o r  t he  nonl inear  
t r anson ic  flow e f f e c t s  a long  wi th  t h e  l o c a l  and g l o b a l  wake in f luence .  The 
r e s u l t s  a r e  s e n s i t i v e  t o  t h e  accuracy of t he  wake models. Wake modeling 
techniques  a r e  c u r r e n t l y  more advanced f o r  hover  than  f o r  forward f l i g h t .  A s  
a r e s u l t ,  v a l i d a t i o n  i n  forward f l i g h t  i s  s t i l l  r equ i r ed .  There a r e  of cour se  
o t h e r  a r e a s  which r e q u i r e  a d d i t i o n a l  s tudy  and o r  re f inements .  Some o f  t h e s e  
a r e  addressed below. 
Ef f i c i ency .  - As mentioned above, t he  run time can be dominated by t h e  
embedded wake i n f l u e n c e  c a l c u l a t i o n s .  One way t o  reduce t h i s  t ime i s  t o  
provide a f a s t e r  c a l c u l a t i o n  of t he  inf luence  of i nd iv idua l  wake elements .  
The po in t  double t  r e p r e s e n t a t i o n  of  t h e  wake element i s  adequate f o r  f a r - f i e l d  
inf luence  and i s  about 2 . 5  t imes f a s t e r  per eva lua t ion  than the  vortex-box 
module. This  model could  be e a s i l y  incorpora ted  i n  t h e  a n a l y s i s .  A d i f f e r e n t  
way of computing t h e  box in f luence  would be more e f f i c i e n t ,  a s  w e l l ,  but  t he  
e a s e  of coding i n  t h e  p re sen t  method seemed t o  be a g r e a t e r  b e n e f i t  i n  t h e  
research  s tudy .  
Another way t o  improve t h e  e f f i c i e n c y  of t he  embedded wake c a l c u l a t i o n  
i s  s i m p l y  t o  reduce t h e  number o f  wake elements .  Cur ren t ly ,  t h e  number of  
spanwise wake elements i s  equal  t o  the  number of spanwise f i n i t e  d i f f e r e n c e  
c e l l s  on t h e  b l ade .  This  i s  probably no t  necessary;  t h e  number of  wake 
elements needed to resolve t h e  f l o w  f i e l d  may be less than used here on t h e  
f i n e  mesh s o l u t i o n s  ( 2 2  a long  t h e  b l ade ) ,  and c e r t a i n l y  they  could  be 
d i s t r i b u t e d  i n  a way t h a t  would make t h e  most e f f i c i e n t  use of them. 
Yet a t h i r d  way t o  speed the  embedding p a r t  of t h e  method i s  t o  make 
t h e  inne r  domain a s  s m a l l  a s  poss ib l e .  Along wi th  reducing  t h e  number of 
embedded elements ,  t h i s  a l s o  reduces t h e  number of g r i d  p o i n t s .  However, 
reducing t h e  phys ica l  s i z e  of  t h e  i n n e r  domain can  l ead  t o  problems i n  
t r anson ic  flow and may r e q u i r e  a d i s t r i b u t e d  b lade  loading  model i n  p l ace  
o f  t h e  l i f t i n g - l i n e  model f o r  t h e  c a l c u l a t i o n  of  t h e  boundary cond i t ions  on 
the  o u t e r  su r f ace  of t he  inner  domain. 
Transonic  Thickness E f f e c t .  - The t h i ckness  d i s tu rbance  i n  t r a n s o n i c  
flows i s  d rama t i ca l ly  g r e a t e r  t han  i n  subsonic  flows. Although t h e  ear l ie r  
s t u d i e s  ind ica t ed  t h a t  t h e  lack  of a t h i ckness  model was acceptab le  f o r  t h e  
s i z e  of  t h e  c u r r e n t  domain, r educ t ion  i n  t h e  domain s i z e  would be d e s i r a b l e .  
25 
Stud ies  t o  incorpora te  th i ckness  e f f e c t s  i n  t h e  c a l c u l a t i o n  of  t h e  boundary 
condi t ions  a r e  r equ i r ed .  Such a model would a l s o  have t o  be based on 
compressible  flow theory .  
D i s t r ibu ted  L i f t  Model. - A l i f t i n g - s u r f a c e  o r  panel method could be 
incorpora ted  t o  r e p l a c e  t h e  l i f t i n g - l i n e  model f o r  t h e  b lade  l i f t  when 
c a l c u l a t i n g  the  boundary cond i t ions  on the  o u t e r  domain. This f e a t u r e  i s  no t  
c u r r e n t l y  needed, bu t  i f  t h e  i n n e r  domain s i z e  i s  reduced, i t  may be .  Such a 
model would r e s u l t  i n  increased cos t  f o r  t h e  c a l c u l a t i o n  of t he  boundary 
c o n d i t i o n s ,  bu t  t h e  c o s t  f o r  t h e  f i n i t e  d i f f e r e n c e  p o r t i o n  of t h e  code would 
be reduced. Trade-off s t u d i e s  would be r equ i r ed .  
Compressible Wake Model. - The c u r r e n t  l i f t i n g - l i n e l w a k e  model i s  based 
on incompressible  flow. The r e s u l t s  presented  f o r  t r a n s o n i c  hover cond i t ions  
i n d i c a t e  t h a t  t h e  incompressible  l i f t i n g - l i n e l w a k e  model i s  a good 
approximation f o r  t h e  wake e f f e c t s .  Th i s  i s  be l i eved  t o  be  a t t r i b u t a b l e  t o  
two reasons .  F i r s t ,  though t h e  s p a c i a l  v a r i a t i o n  of induced v e l o c i t y  i s  
d i f f e r e n t  f o r  a vo r t ex  i n  l i n e a r  compressible  f low than  f o r  one i n  
incompressible  flow, the  ne t  c i r c u l a t i o n  i s  the  same ( t h e  s t r e n g t h s  be ing  
e q u a l ) .  Second, t h e  v e l o c i t y  p o t e n t i a l  o f  a v o r t e x  i n  three-dimensional  flow 
a t t e n u a t e s  more r a p i d l y  with d i s t a n c e  than i n  two dimensions.  
two-dimensional f i n i t e  domain c a l c u l a t i o n  would r e q u i r e  t h e  compressible 
vo r t ex  model, t he  three-dimensional flow a t  t h e  same Mach number might not , 
depending on t h e  domain s i z e .  
and l i f t i n g - l i n e  ( l i f t i n g - s u r f a c e  o r  panel)  models should be considered i f  t h e  
domain s i z e  i s  reduced. 
Thus, where a 
Thus, i n c l u s i o n  o f  c o m p r e s s i b i l i t y  i n  t h e  wake 
Convergence. - How o f t e n  the  wake in f luence  should be updated i s  not  
f u l l y  known. Thus f a r  i t  seems t h a t  adequate  convergence i s o b t a i n e d  by re- 
eva lua t ing  the  wake inf luence  every t i m e  t h e  peak c i r c u l a t i o n  grows by 5%, 
except  on t h e  f i n e  mesh (which i s  t h e  f i n a l  s t a g e  o f  t h e  computation) where 
only one update i s  allowed. 
L a t t i c e  S t ruc ture /Rol l -up .  - It has  become evident  t o  t h e  i n v e s t i g a t o r s  
t h a t  t r e a t i n g  t h e  wake a s  a s i n g l e  a r r a y  of  in te rconnec ted  elements  i s  
convenient computat ional ly  but  does not  lend i t s e l f  e a s i l y  t o  t h e  problem o f  
ro l l -up .  A more s u i t a b l e  way of  handl ing  t h e  wake might be  t o  use two 
independent a r r a y s  f o r  t h e  geometry, one f o r  t h e  inboard shee t  and one f o r  t h e  
r o l l e d  up t i p  l a t t i c e s .  The wake s t r e n g t h  would be  handled i n  t h e  same way. 
Vortex Core Model. - The embedded v o r t i c e s  c u r r e n t l y  use a core  r a d i u s  
equal  t o  t e n  pe rcen t  o f  t h e  b l ade  chord. It was convenient  t o  develop t h e  
embedding procedure f i r s t  f o r  i r r o t a t i o n a l  embedded f i e l d s ,  though t h e  use o f  
a co re  model v i o l a t e s  t h i s  f o r  any p o i n t s  w i t h i n  t h e  core .  
r o t  a t  i ona l  embedded f i e l d s  is  s t r a i g h t  forward but  would r e q u i r e  thorough 
a n a l y s i s .  
The ex tens ion  t o  
26 
Cut /Wake -Si rface Boi ndary Conditions. - As noted earlier, there are some 
discrepancies on the pressure distributions on the blade trailing edge for 
conditions where the wake passes close to the blade. lhis is attributable to 
the implementation of the boundary condition across the cut-surface over 
several grid points. This area should be addressed in future research work. 
Improved Wake Sheet Model. - The current wake model uses vortex 
singularities to model the inboard wake sheet. For near wake sheetlblade 
interactions the use of discrete vortex filaments is not appropriate. During 
the course of this investigation, some conditions where the inboard sheet 
passed very close to the blade resulted in erroneous loading predictions. One 
simple solution is to use more filaments and/or include vortex cores for the 
sheet filaments. However, the complexities of the coding and the cost for the 
embedded calculations makes this approach unattractive. An alternate approach 
would be to use vortex panels in place of the vortex filaments. Although the 
cost per panel is higher than the cost per vortex element (box), the panels 
could be larger and reduce the number of embedded calculations. Studies in 
this area are warranted. 
Quasi-steady Assumption. - Although there is some concern related to the 
validity of using quasi-steady methods for forward flight, it has been 
demonstrated to yield reasonable predictions for non-lifting conditions, 
references 28 and 33.  It remains to be seen over what range of cdnditions 
(advance ratio, loading) the quasi-steady steady assumption is useful for 
general predictions. 
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CONCLUDING REMARKS 
A method of inc luding  r o t o r  wake e f f e c t s  i n  a f u l l  p o t e n t i a l  method 
h a s  been developed and demonstrated f o r  both hover and forward f l i g h t  
a p p l i c a t i o n s .  The f u l l  p o t e n t i a l  flow method (ROT22/WAKE) i s  based on t h e  
s o l u t i o n  of t h e  quas i - l i nea r  form of t h e  p o t e n t i a l  equa t ion  and app l i ed  i n  
quasi-s teady manner t o  r o t o r  flows. The i n c l u s i o n  of t h e  wake inf luence  us ing  
t h e  i n n e r / o u t e r  domain concept wi th  p re sc r ibed  wake geometr ies  and t h e  
embedded vo r t ex  f e a t u r e s  i s  a l s o  adaptab le  t o  more advanced methods, such a s  
Eu le r  codes and unsteady flow s o l v e r s .  
This method of s o l u t i o n  has  t h e  advantage of reduced volume f o r  t h e  
non l inea r  i n n e r  domain s o l u t i o n  ( f i n i t e  d i f f e r e n c e )  whi le  t r e a t i n g  the  g loba l  
in f luence  of t h e  complex r o t o r  wake with a l i n e a r  s o l u t i o n  method based on 
p resc r ibed  wake models. 
of minimizing t h e  number of embedded vo r t ex  elements ,  a f e a t u r e  which can 
p o t e n t i a l l y  provide  l a r g e  computer c o s t  sav ings .  
F i n i t e  i n n e r  domain s o l u t i o n s  a l s o  have t h e  advantage 
The use of t h e  prescr ibed  wake method al lows f o r  r e a l i s t i c  wake 
geometr ies  t o  be used i n  t h e  s o l u t i o n  process .  
have demonstrated success fu l  c o r r e l a t i o n  of blade a i r l o a d s  with t e s t  r e s u l t s  
f o r  c o n d i t i o n s  f o r  which r e a l i s t i c  wake geometry models a r e  r e a d i l y  a v a i l a b l e  
i n  both subsonic  and t r anson ic  flow cond i t ions .  Although forward f l i g h t  
c o r r e l a t i o n s  have n o t  been performed under t h i s  r e sea rch  a c t i v i t y ,  t h e  
a n a l y s i s  has  been shown t o  p red ic t  t h e  inf luence  of va r ious  forward f l i g h t  
wake models f o r  both subsonic  and t r anson ic  l i f t i n g  cond i t ions .  
The a p p l i c a t i o n s  i n  hover 
The a n a l y s i s  a s  developed i s  c u r r e n t l y  a research  t o o l .  Fu r the r  
re f inements  can be made t o  improve t h e  numerical  e f f i c i e n c y  o f  t h e  method 
and enhance t h e  r i g o r  of some of t he  assumptions used i n  t h i s  i n i t i a l  
s tudy .  
provide a t o o l  f o r  modeling r e a l i s t i c  r o t o r  wake in f luence  i n  f i n i t e  
d i f f e r e n c e  ana lyses  f o r  t h e  p r e d i c t i o n  of  r o t o r  a i r l o a d s .  
However, i t  i s  ev iden t  t h a t  t h e  approach i s  c o s t  e f f e c t i v e  and can 
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A three-dimensional, quasi-steady, full potential flow solver was adapted to include 
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method is based on a finite difference solution of the full potential equation, using 
an inner and outer domain procedure for the blade flowfield to accommodate wake 
effects. 
difference solution method. 
geometry techniques to allow for the inclusion of realistic rotor wakes. 
feature of the analysis is that vortices contained within the finite difference mesh 
(inner domain) was treated with a vortex embedding technique while the influence of 
the remaining portion of the wake (in the outer domain) is impressed as a boundary 
condition on the outer surface of the finite difference mesh. 
couples the wake influence with the inner domain solution in a consistent and 
efficient solution process. The method has been applied to both hover and forward 
flight conditions. Correlation with subsonic and transonic hover airload data is 
shown which demonstrates the merits of the approach. 
The nonlinear flow is computed in the inner domain region using a finite 
The wake is modeled by a vortex lattice using prescribed 
The key 
The solution procedure 
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